In thispaper; wesearch optimalgrasppointsandconfigurations offingers for not only resisting an external force applied to a grasped object but also generating a desirable acceleration of the object. Bused on the concept of required external force set, we define required acceleration and equilibrium-force sets. By using the sets, we formulate an optimization problem fmm the viewpoint of decreasing the magnitudes of the joim torques required to generate the required acceleration and equilibrium-force. We also show that we can solve thepmblem by using a branch-and-bound method. The vulidily of our approach is shown by numerical examples.
INTRODUCTION
When we grasp an object by a robotic hand, force closure is one of the important properties of grasping [l] . Force closure is the concept which we can interpret in the following two ways; " any arbitrary acceleration and angular acceleration of a grasped object can be generated by joint actuating torques. " or " the motion of a grasped object can be completely constrained hy virtue of contact forces, whatever external force and moment are applied to the object. " Yoshikawa [21 called the former concept active closure, and the latter concept passive closure when the motion of the object can be constrained without changing the pre-loaded joint torques. In the case where there exist multiple contact points between a finger and an object (for example, enveloping grasp), or the case where the number ofjoints of a finger is smaller than the number of the dimension of contact force applied by the finger, the contact force between the finger and the object can be generated not actively by the joint torques but passively by the mechanism of the geometric constraints. In this case, even if we can resist certain external force and moment in a certain direction and the motion of the object can be completely constrained, there is no guarantee that we can generate an acceleration of the object in the same direction. So far, there doesn't exist any researches about searching optimal grasp points on a grasped object, in which the above two concepts are distinguished [3] -[SI.
In order to deal with this problem, we deal with searching optimal both configuration of fingers and contact positions for not only resisting an external force applied to a grasped object but also generating a desirable acceleration of the object. This paper is organized as follows. At first, we set the problem to solve. Then, we formulate the problem, and show an algorithm to solve the problem. Lastly, numerical examples are presented to show the effectiveness of our approach.
PROBLEM DEFINITION
In this section, we define an optimization problem of grasping. At first, we describe the target system. Then, we define required acceleration and equilibrium-force sets. Lastly, we give the optimization problem of grasping.
Target System
The target system is shown in Fig.1 . In this paper, we consider the case where an arbitrary shaped rigid object is grasped by N fingers of a robotic hand (Note that N = 2 in Fig.1 ). We make the following assumptions: 1) Each finger makes a frictional point contact with the object.
2)
The unique normal direction at each contact point can be obtained. 3) There exists at most one contact point on each link of each finger. 4) Base doesn't make any contacts with the object. 5 ) In the manipulation of the object, both the number of contact points and the contact positions on the objecthgers don't change (We don't consider the manipulation in which a certain contact point removes from the object nor in which a certain point on a certain finger, which isn't a contact point, makes a new contact with the object). Under these assumptions, we consider the case where in a given workspace, we generate a desirable acceleration of the object, resisting external force and moment, such as gravitational force.
Required Acceleratlon and EqulllbrlumForce Sets
In this section, we define required acceleration and equilibrium-force sets based on the concept of required external force set [9] [lo]. Required Equilibrium-Forre Set (REFS) We call a set, composed of necessary resultant forces and momenis to counteract extemal forces and moments and to maintain the current position and orientation of the object, mquired equilibrium-force set W R C RD.
Problem to Solve
In general, there exist an infinite number of both configurations of fingers and contact positions, where we can generate the required acceleration and equilibrium-force. We think it is suitable to minimize the magnitude of the joint torques required to generate the required acceleration and equilibrium-force. Then, we consider the following problem.
Find the configuration of fingers and the contact positions, which minimize the magnitude of the necessary joint torques to generate both any arbitrary acceleration contained in the given RAS and any arbitrary equilibrium-force contained in the given REFS, at each position and orientation of the object in the given workspace.
FORMULATION OF THE PROBLEM
In this section, we formulate the problem described above. At first, we consider the case where the object is at certain position and orientation, and the fingers are in a certain configuration and grasp the object at certain contact points. The conditions for the joint torques to generate certain required acceleration and equilibrium-force in this case are described. Then, we formulate the optimization problem of grasping.
Conditions for Joint Toques
Let qiE RM' ( z = 1 , 2 , . ., N ) be the joint angles of the z th finger. Let r E RD be the position of the origin and orientation of, CO, the object coordinate frame fixed at the center of gravity of the object. Let pc,, E Rd(j = 1,2, . . . , Li) he the position of, C,j, the j th contact point between the object and the i th finger. Here M, denotes the number of the joints of the i th finger, d= 2 13 in 2 3 dimensional space, and Li denotes the number of the contact points on the i th finger. Note that we represent the combination of configuration of the N fingers and the L (= c,NILi) contact positions as C.
Kinematic Constraints
The relation between the velocities of pcij and qi, and the one between the velocities of pc,, and r are given as Let M be C E I M i . By using the following vectors and matrices,
where diag means a block diagonal matrix, we get the following expression from (1)
Differentiating both sides of this equation with respect to time, we can get the following relation.
G T + + G~+ =
~q + J q (3)
Statics
Let f E RLd be the contact force vector which combines the contact forces at all contact points, r,E RM be the joint torque equivalent to f , and WE RD be the resultant force and moment applied to the object at Co. From (2) and the principle of virtual work, we get the following relations.
I .3 Frictional Constraint
The frictional constraint at the j th contact point on the i th finger is represented by 
Equation of Motion
From (4), the equation of motion of the object and the fingers can be represented as follows respectively.
MET+ ha -w e = Gf ( 6 ) M , q + h , + g , + J T f = r
(7)
where T denotes the joint torques, M E and M , are the inertia tensors of the object and the fingers respectively, h g and h, are the terms representing centrifugal and Coriolis forces of the. object and the fingers respectively, g , is the term representing gravitational force of the fingers, and we denotes external force and moment applied to the object, such as gravitational force. Note that the force, which counteracts w e . is the required equilibrium-force W d (Wd + w e = 0).
Conditions for Joint Torques
Based on the above discussion, we consider the conditions for the joint torques to generate both certain required acceleration r d (which corresponds to T in (3) and (6) ) and certain required equilibrium-force W d , when the position and orientation of the object are T and the combination of configuration of fingers and contact positions is C. From (3), (S), (6). and (7), The condition is that there exist joint torques, r, which satisfy the following constraints. 
Formulation of the Problem
In this subsection, we formulate the optimization problem of grasping. Let B be the position and orientation of the object in the given workspace. Let Sa be the set of all possible candidates of U. In the given workspace, if the position and orientation of the object change, the configuration of fingers also changes. Then, in order to clarify C to he optimized, let 8, be the representative Bin the given workspace and C, be the C at f ? , . Now, we assume that if C at B,, namely C, is given, we can get each C at each BE Sg. Meaning, each C at each BE SB can be determined by the relation between the C, and the each B. Then, C, can represent each C at each BE SB. Hence, optimizing C, means optimizing each C at each BE Sg. Let Sc be the set of all possible candidates of C, . Let W,, be the combinational required set given at B(E Sg) :
..T T T . . 1 , 2 , . . .,I,,, E = 1,2, . .,Ie) . There 
Procedure of the Algorithm
In this subsection, we describe the algorithm to search the optimal both configuration of fingers and contact positions. Let p be the tentative optimal solution, pc*b be the optimal solution of Subproblem 1 for Crk, and &, , be its tentative optimal solution. We represent a list of feasible Crk'S as the LIST. -step 1 We put all candidate Crk'S, whose corresponding each C at each 51 (namely CkI'S ( I = 1 , 2 , . . ., nb) ) satisfies some conditions, into the LIST. The some conditions are, for example, no-interference between the object and the fingers, no-interference between the fingers, and limitation of the joint angles of the fingers. Let b be an appropriate lower hound value. Let each pc,, and bCvk be appropriate upper and lower bound values respectively. step 2 We solve Subproblem 1 for certain c , k contained in the LIST. step7Ifwecangettherelation [,5-pc7kl < ~(~d e n o t e s a n arbitrary small positive value) for all C?~'S contained in the LIST, we finish the loop. Otherwise, we go back to stepl.
NUMERICAL EXAMPLES
In order to show the effectiveness of our approach, we
show some numerical examples in this section. The target system is shown in Fig.2(a) . We set CO is placed at the geometric center of the object. Note that the scale markings shown in Fig.2(a) represent the ones of the reference coordinate frame (the hand coordinate frame). Note also that cFkII,F
Step 5 Let Crk be the Crk at which pcFk.fjC is the k a t e,, In Fig.Z(b) , the points on the object indicate the candidate contact points. The number of the candidate contact points is 40. The frictional coefficients at the contact points are set to 0.5. Note that we assume that the contact between link 1 of each finger and a vertex of the object can be represented by point contact if the intersection between the link and the vertex (object) is small. At first, we consider Case I shown in Fig.3 . This task is to rotate the object around the "X" mark, resisting gravitational force. Note that we suppose the case where the direction of gravitational force can be applied in multiple directions, resulting from the manipulation of the robotic arm equipped with the robotic hand. The "X" mark represents the point (-0.005, -0.065) with respect to CO (Note that it isn't easy to see the "X' mark. Then, we also show it in Fig.Z(a) For someone's information, thenecessruy joint torque 4, in the case where C, is the one shown in Fig.Z(a) , was 0.439 [Nm] . At the optimal configuration, we can take advantage of the contact forces which can be generated without changing the magnitudes of the joint torques, in order to generate the required equilibrium-force. We think it is a reason why the configuration shown in Fig.3 is good compared with the configurations, at which each finger contacts with the object at only one point.
Next, we consider Case I1 shown in Fig.4 The obtained optimal configuration of fingers and contact positions are shown in Fig.4 . The obtained p was 0.393Nml. In order to generate the required accelerations in this case, the number of the contact points between the object and each finger must be one. We think it is a reason why we can get such a result shown in Fig.4 
CONCLUSION
In this paper, we have dealt with an optimization of grasping for not only resisting an external force applied to a grasped object but also generating a desirable acceleration of the object. In order to achieve an optimal grasp in which the two interpretations of force closure are distinguished, we have defined required acceleration and equilibriumforce sets. By using the sets, we have formulated an optimization problem from the viewpoint of decreasing the magnitudes of the joint torques required to generate the required acceleration and equilibrium-force, and showed that we can solve the problem by using a branch-and-bound method. We have also presented numerical examples in order to show the validity of our approach.
